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unusual methods

simulated annealing

genetic algorithms

micro-genetic algorithm

neural networks

particle filter

sequential iImportance resampling filter

GODAE assimilation (2)



usual problems

e breakdown of ensemble

In sequential importance resampling filter
IN ensemble methods (error subspace)

EnKF, SEEK, SEIK

too much confidence In error of model

GODAE assimilation (2)



usual problems

replacing of variables

W mod el _ W measured

nudging

8 6 phySiCS measure

o Ta T
oViy Vi easure
ﬁt"” =y —dme)
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fitting a straight line through data

of the form V=X +Xx,t

with the cost function |

=0.5(Ax - y)" W(Ax - y)

GODAE assimilation (2)



fitting a straight line through data

of the form V=X +Xx,t

(1t,) (572 0) (wt)
A 1, W — oy’ y= y(t;)

1ty . 0 oN Y(ty))
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fitting a straight line through data

The minimum of | can be found by setting the
derivative of | to zero:

j=0.5(Ax-y)'" W(AX-Y)
9 ATW(AX-y)=0
dx
(A"WA ) )x=A"Wy
x=(ATWA )LATWYy
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fitting a straight line through data

the error covariance of the solution Is:
= COV{(X =X ),(X=X)")=H"
_ o

OX°

0

=—A W(AX-YVY)

OX
= (ATWA)

H
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fitting a straight line through data

the solution Is:

x=(ATWA) AWy
x=H'A"Wy=H"y

If the Inverse of the Hessian

does not exist,
there 1s no reasonable solution for x

GODAE assimilation (2)



the Hessiarg rrgatrix describes the curvature of |
oS

?mvo\ boh;.

5¢L+\OH

Ellipse of
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Cost
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the Hessian matrix describes the curvature of |

Cost

Pa ‘(axbo\\.c

Lipse of
constant

section
E
(T2 cost
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A singular value decomposition

A=USV' where U and V
UTU= contain the
N, singular vectors
VivV=l and the
UU' =1 diagonal matrix
VAVAIR S the singular

values
A't=US*V'

GODAE assimilation (2) 12



solving a linear least squares system

The minimum of | can be found by setting the
derivative of | to zero:

j=0.5(Ax —Vy)' (AX—V)
j=0.5(USV'x—y)"(USV'x-Yy)

j—)l(: (USV")'(USV'x-y)=0

GODAE assimilation (2) 13



solving a linear least squares system

simple algebra leads to:
(VSU'USV)x=VSU'y
VS*Vix=VSU'y
x=VS?*V'VSU'y
x=VStU"y

GODAE assimilation (2)
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solving a linear least squares system

x=VS*tU"y
xzzuiy V,
s;#0 Si

the solution x Is the sum of the singular
vectors V, weighted by the inverse of the
eigenvalues sitimes the projection of the
observations via the singular vectors UT

GODAE assimilation (2) 15



resolution

X:Zﬂv

s; =0 Si
VV'#I

the resolution matrix is non diagonal for
rank deficient solutions

GODAE assimilation (2)
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resolution

the error given by the inverse Hessian
matrix for rank deficient solutions does not
describe the whole picture.

Xsolution _ V VTXtrue

there Is a null space remaining!

GODAE assimilation (2)
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tapered least sqgares

X:Z ZSi uiy Vi

Si_—/_-o SI +g

has full resolution but is a kind of cheating

stabilizled solution:
X = Z Uy Vv,

Si_—/_-o Sl +g

GODAE assimilation (2)
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use of prior information

j=0.5(AX —y) (AX—y)+ (X -X) ' B(Xx=X)

ﬂ:ATA(x—y) +B(Xx-X)=0
dx

(ATA+B)x = ATAy +BX
x = (ATA+B) Y (ATAy +BX)

Gauss Markov solution
B=c¢l

GODAE assimilation (2)
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use of prior information

the best estimate for our prior information Is

expressed by the ‘background’ or weighting
matrix B

we weight by the inverse of the error covariance
matrix

cov{(x—x),(x—x)")=B™"

B =H

GODAE assimilation (2)
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Example

Describe the stationary barotropic flow of a
global ocean circulation model with

s

And assimilate SSH {  (altimetry)

and prior streamfunction ¥

GODAE assimilation (2)
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Example

the cost function | Is

s

4 (W _ Wprior)T B (W . Wprior)
4 (C - é«altimeter)T W2 (éz _ ézaltimeter)
And solve by a SVD decomposition

GODAE assimilation (2) 22



Normalized error of solution
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Normalized error of solution

rms/signal
.
0

25} . full line altimetry

. - dotted line streamfunction

scaling depth 5000m

0 1000 2000 3000 4000 5000
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b)

scaling depth 300m
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spectra of inverted matrix

10’

Eigenwerte
A

0 1000 2000 3060 4obo 5060 6000
Index

dotted: model matrix A

dashed: A + altimetry

full: A + altimetry + prior on streamfunction
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fitting a straight line through data
of the form y =a+ bx

with the cost function |

N )2
j _ OSZ (yl Zy)
i-1  Oj

subject to
a+bx—-y=0

GODAE assimilation (2)
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fitting a straight line through data

construct the Lagrangian function

L=j+A(@a+bx—-y)

solve for a stationary point
and of L

GODAE assimilation (2)
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using a Lagrangian function

oL
Z - —0=(a+bx—
~ ( Y)

oL g4+ 9_ ﬁ+z(y' Y)
oy oy i1

8L

oa

oL

—=0=AX
ob

=0=4

GODAE assimilation (2)
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FEOM model equations

e equation of state  p = p(T,S, P)
e steady state primitive equations
dynamical part (u,v,w, ) =Y (p,7)
strong constraint
advection-diffusion equation for density
V-(up)-V-(KVp)=F,
weak constraint

GODAE assimilation (2)
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Difference Iin density
(optimized minus climatology)

density Is the only control parameter

Difference in density (Model minus Climatology) at 100m depth

latitude >

80

:: 100m depth

40

301

longitude

0 | | | | | |
-100 -80 -60 -40 -20 0 20

kg
—:— 3 .




adjoint equations

solution of a constrained optimization problem
by transforming it to an unconstrained problem

minj, subject to E(u,s,X,t)
L(usA)=j+] | " A(x, 1) E(u,s, X, t) dx dt

oL
==
oL
==
oL
==

0

0

0
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provided E=0 the L and j coincide identically

and we get for the gradient of the (implicit) costfunction:

_a
du
_d
du
oL oLoA oL os
ou Q&@u Qg@u

-0 -0

V.l

0

GODAE assimilation (2) 32



Example for u = initial conditions

we get for the gradient of the (implicit) costfunction:

+H/1(x aE(“S“)d di

VJ:@_J

W =3 +A(t,) for initial conditions
U

lo

GODAE assimilation (2)
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Example

shallow water equations with a passive tracer

v, oV v 0

—+V—-Ay—+DP—=0
6t OX M ox OX
09 , oWv9) _,
ot OX

2
CLIFRVICLIY NICALIY, D

ot OX T ox?

GODAE assimilation (2)
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Example

setup of Lagrange function

o%v ol
L=4, — v——A —+CI> dx dt
“to( M ox? 8x)

+,1¢Ht:(‘2t¢+a(a‘;¢))dxdt

oT . o°T
+ﬂ¢”to(—+ — ~Ar g +aT)dxde

+ |

GODAE assimilation (2)
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Example

partial integration of Lagrange function:

oL o0 oLy 0 oL 0° , oL

0s 6t(8st)_6x(85) OX’ (as )=0

GODAE assimilation (2)
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Example

partial integration of Lagrange function

yields the adjoint equations

A, az a%v_ i
ot OX ax Moox? ov
04, V% 04 O

ot ox X 0

19, o(V 0° '
VI, S G

ot OX T oox? oT

GODAE assimilation (2)
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Example

the adjoint equations integrated backwards in

time yield any gradient information we can
think of.

(however only for one specific cost function.
A model forward integration perturbed in one
component of u yields the sensitivity of any
model variable and any cost function

for this specific disturbance)

GODAE assimilation (2)
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FIGURE 1:

Schematic:

New x and f
0 n

Solution by Conjugate Gradient Descent

N

4
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Inverting a tracer field for velocities

POTENTIAL VELOCITY

TRACER

RMS MEASURED = 0.0505

TIME STEP : 1 RMS SOLUTION = 0.0527

1.4

0.0 ' o5 ‘ 1.0

40



use of control variables

other than initial conditions
0A; 8(%) A MT dj

IXLOZT 82—dedt foru=A;

GODAE assimilation (2)
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use of control variables

other than initial conditions

0 0 0° i
BN\ BN PR |
ot OX OX* oT
v j=ﬂ+ . -tll(x,t) oE(u,s, X, t) dx dt

u au JX Jt, 6u

= ”ttlﬂ¢dedt foru=¢

GODAE assimilation (2) 42



use of control variables

other than initial conditions

0 0 0° '
BN BN SR |
ot OX OX* oT
v j=ﬂ+ . -tll(x,t) oE(u,s, X, t) dx dt

u au JX Jt, 6u

= ”ttlﬂ¢dedt foru=¢
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TASK: Ocean state during the 1993-2001

Model: mass conserving (2°x 2° 23 layers)

Nine years (1993-2001) T/P altimeter referenced to GRACE
+ Reynolds surface temperatures + oceanic measurements
are assimilated into the model

Method: 4D VAR data assimilation

As control parameters we use the model initial state and the
model forcing (the first guess taken from NCEP)

GODAE assimilation (2) 44



cost function for global model

‘J — ‘Jmisflt T chcle ‘chcle + Wbogus ‘]bogus
T WSSH ‘JSSH + Whmv ‘]hmv + Watl ‘]atl
R..
‘Jmisfi — Z — (Ti j.k,n _Ti*' K n)2
t 2 (T)k ], K, ), K,

n ],k _S* 2
ZG (S)k |Jk,n |,J,k,n)
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cost function for global model
for)_c’z{T,S,u,v}

—Z (x — X, )?
cycle i,j,k,n i,],k,n—ntyear

JSSH:Z 21 (<§>_<§*>)2

O SSMm

b <l (<))

G SSA

GODAE assimilation (2)
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cost function for global model

‘Jth:;G (T) (<T> T)

1’ denotes transports

1 "
J. = ¥ gl
atl ;Gz(aﬂ)( m m)

Y. denotes meridional streamfunction

GODAE assimilation (2) 47



cost function for global model
J=J +W o Jdo W, ]

cycle ¥ cycle bogus
J

T WSSH ‘]SSH T W T Watl ‘]atl

hmv

misfit bogus

hmv

data are SST, SSH, T.S

section analysis, model free run

GODAE assimilation (2) 48



Mean sea level

B2ntp
sea level model

60— temporal mean

1993-2001

| area RMS: 48.71 0.00 ci.20cm |
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local sea level changes due to:

_ngp_E
ot ;.
+ V. jvdz
—H
+ AhAé’
4
+ jiﬁ—a gTdZ
g 8TS,p ot
¢ 10a| @
N f;g Pyl e NAIOSIENC
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SLA correlation

B2ntp vs. T/P
sea surface height anomaly  local correlation ofe 90
60— J. 60
1993-2001
—30
—0
—=-30
—-60
| area mean: 0.681 ./. c.i.=0.2
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Sea level trends

Local linear trend (1933—2001)

Seq Level Varigtions — T/F Sea Level Variations (steric)
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Correlation between Reynolds and model
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Temperature Difference - Atlantic Section (24.5 °N)

OPT vs WOCE-ADS
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OPT vs. WOCE- Pacific Section (179 °W)

Temperature difference (OPT ws WOCE—P14)
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Temperature (OPT vs. TAO Data)

Temperature (° C) — 256 m
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Heat flux

MEAN OPTIMIZED HEATFLUX (W /m?)
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Freshwater flux
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10"

10"

Heat and freshwater transport

Heat Transport — Atlantic Freshwater Transport — Atlantic
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Observed sea level trend

TOPEX/Poseidon
sea surface height anomaly local linear trend J. 90
60— total depth 60

1993-2001

‘| area mean: 2.383 mm/year c.i.=5.0|
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modelled sea level trend

B2ntp

sea surface height anomaly local Ilnear trend total

_ﬁ L/k/ o ivl _(:;-:_
60— total depth : =
1993-2001

‘| area mean: 2.332 mm/year c.i.=5.0|
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modelled sea level trend

B2ntp
sea surface height anomaly local linear trend total 5
60—  total depth 60
1 | 1993-2001 i

‘| area mean: 2.332 mm/year c.i.=5.0|
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Global Mean
Sea Level

sea level rise Is
explained by
thermal expansion

Interannual variability
and seasonal cycle
afiednostly eustatic:

s [2250m-bottom] === [512-2250m] === [(-512m] == [{-bottom]
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global ocean heat content anomaly
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Mean Sea Level North Atlantic

no assim. North Atlantic
8
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MSL difference (no assimilation)
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sea surface height difference model-data
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MSL difference (with GRACE)

B2ntp vs. T/P 10 : 8 chnm

sea surface height anomaly difference: temporal mean J.

7
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SLA difference (no assimilation)

CONTROL 39 mm

sea surface height difference model-data

60— temporal rms

1 | 1993-2001

“| area RMS: 3.92 3.64 ci.1cm |
'90 IIIIIIIIIIIIIIIIIIIIIIIlIIIIIIIIlI\ '90

30 60 90 120 150 180 210 240 270 300 330 360



SLA difference (with GRACE)

B2ntp vs. T/P 28 mm
sea surface height anomaly difference: temporal rms J. 90
60— / - 60
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Global Ocean Mass

global ocean
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THE END
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