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Abstract The irregular seafloor variability at lateral scales of several kilometers can strongly influence
large-scale oceanic flows. However, these fine topographic patterns are currently unresolved by most global
circulation models. To address this complication, we develop the “sandpaper” model of flow-topography
interaction. This theory uses asymptotic multiscale methods to parameterize the effects of small-scale
bathymetry in analytical and coarse-resolution numerical models. The previously reported version of the
sandpaper theory assumed that the direct effects of bottom roughness are limited to the deepest density layer. Its
reliance on the local approximation fundamentally limited the model's ability to represent the vertical structure
of abyssal flows. To overcome this deficiency, we develop a more general non-local model, in which the effects
of bottom roughness are distributed throughout the water column. The non-local formulation enables the
implementation of the sandpaper closure in isopycnal models designed for realistic simulations, in which
density interfaces frequently intersect the bathymetry. Local closure in such regions exhibits unphysical
singularities, whereas its non-local counterpart remains well-behaved. The non-local sandpaper model is
implemented in the HYbrid Coordinate Ocean Model (HY COM), one of the mainstream oceanographic general
circulation models. The parameterization is tested on the canonical vortex spin-down problem.

Plain Language Summary The ocean floor is not smooth. It is covered with ridges, seamounts,
valleys, and other irregular features with horizontal scales of just a few kilometers. These small-scale patterns
can significantly influence the movement of major ocean currents. Unfortunately, most numerical ocean models
are too coarse to capture such fine bathymetric details directly. In this work, we develop the “sandpaper” theory
that enables us to represent the effects of seafloor roughness without explicitly resolving it. Earlier versions of
this model accounted for roughness effects only near the ocean bottom. However, this study extends the
sandpaper theory to allow assessment of the direct impact of small-scale topography throughout the water
column. We implement this improved non-local model in HYCOM, a widely used ocean general circulation
model, and test it in an idealized setting. The new formulation yields more accurate results than the original
model, offering an opportunity to enhance the representation of deep-ocean processes in global simulations.

1. Introduction

The impact of irregular small-scale ocean topography on large-scale circulation patterns can be surprisingly
profound. Particularly striking are the cumulative effects of bathymetric patterns with a lateral scale of several
kilometers, commonly referred to as seafloor roughness. Typical heights of these fine-scale bathymetric features
range from tens to a few hundred meters (e.g., Goff, 2020)—on the order of 1-10% of the total ocean depth. Yet,
they tangibly affect currents commensurate in strength to the Gulf Stream (LaCasce et al., 2019) and the Antarctic
Circumpolar Current (Naveira Garabato et al., 2013). Several studies have emphasized the adverse impact of
seafloor roughness on baroclinic instability of surface-intensified flows (Paléczy & LaCasce, 2022;
Radko, 2024b). As a result, rough topography can modulate the intensity and spatial distribution of transient
mesoscale variability, which dominates the kinetic energy budget of the World Ocean (e.g., Stammer, 1997;
Storer et al., 2022). Seafloor roughness has also been invoked as a key factor in extending the lifespan of ocean
rings and their ability to transport heat, nutrients, and pollutants across ocean basins (Gulliver & Radko, 2022).
Roughness-induced drag also affects the structure and speed of planetary waves (Davis et al., 2025), underscoring
the ubiquity of oceanic processes modulated by small-scale topography.

Despite a persistent stream of evidence implicating small-scale topography in various oceanic phenomena and a
rising interest in the subject (He & Wang, 2024; LaCasce et al., 2024; Siegelman & Young, 2023; Zhang &
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Xie, 2024), our understanding of the fundamental physics remains limited. For instance, even traditional as-
sumptions, such as a monotonic increase in bottom drag with flow speed, have been challenged. An argument has
been made that, in certain regimes, roughness-induced drag is inversely proportional to abyssal velocity. This
tendency could substantially affect the stability of large-scale flows and the resulting patterns throughout the
entire water column (Radko, 2024a). Limited insight into dynamics can also compromise the more pragmatic
objectives of flow-topography interaction studies. Of particular concern is the representation of the effects of
rough topography in numerical Earth System Models (e.g., Mashayek, 2023). Despite continuous advancements
in high-performance computing, kilometer-scale bathymetric features and associated fine flow patterns remain
unresolved by most global predictive systems. For long-term climate simulations, roughness-induced dynamics
will remain subgrid in the foreseeable future. This difficulty is further aggravated by the ubiquity of roughness
and the lack of high-resolution bathymetric data across vast regions of the seafloor. Given its undeniable sig-
nificance, parameterizing the impact of roughness on larger scales of motion represents a much-needed
improvement for simulations. However, current ocean models treat the interaction between the flow and the
bottom boundary in a simplistic, ad hoc manner. Forcing by unresolved bathymetry is combined with other
physical processes and represented by linear or quadratic relations between bottom drag and abyssal velocity.
Notably, both linear and quadratic drag models were designed to capture vertical momentum transfer by small-
scale turbulence in the bottom mixed layer. These relationships may be incompatible with the dynamically
dissimilar, and likely stronger, roughness-induced drag (Radko, 2024a).

A promising development in this area is the sandpaper theory of flow-topography interaction—see Radko (2024a,
2024b) and references therein. The model uses conventional techniques of multiscale homogenization theory
(e.g., Goldsmith & Esler, 2021; Mei & Vernescu, 2010; Vanneste, 2000, 2003) to formulate evolutionary
equations for large-scale flows. The multiscale theories are based on an asymptotic expansion in a small
parameter quantifying the scale separation between processes we wish to parameterize and those we intend to
resolve. The interaction of processes operating at dissimilar scales is represented by multiple sets of spatial and/or
temporal variables. Such models use balances arising at each order in the expansion to formulate solvability
conditions that describe the system's evolution entirely on large scales. However, the defining feature of the
multiscale sandpaper theory is the focus on the statistical spectral properties of the seafloor relief (Goff, 2020;
Goff & Jordan, 1988), which are expected to be more universal than topographic patterns in physical space.
Because sandpaper theory is explicit and dynamically transparent, it holds promise to concurrently elucidate key
mechanisms at play and offer parameterizations for coarse-resolution models.

While earlier versions of the sandpaper model captured key large-scale effects of roughness (Radko, 2022a,
2022b, 2023a, 2023b), further development is necessary before it can be implemented in comprehensive circu-
lation models. Perhaps the most severe restriction on the model's applicability is posed by the local approximation
of topographic forcing. The sandpaper theory is formulated for multilayer isopycnal systems. From the outset, it
assumes that roughness can directly influence only the deepest density layer. This assumption is valid for systems
in which the bottom layer occupies a significant fraction of the water column. However, the local approximation is
questionable when the bottom layer is too shallow to encompass the entire region directly affected by roughness.
The schematic in Figure 1 illustrates the principal complication. When layers are sufficiently thin, rough
topography perturbs several density interfaces in the abyssal zone, generating small-scale variability in the ve-
locity and layer-thickness fields. In each affected layer, this variability produces the eddy form drag and Reynolds
stresses that, in turn, influence larger scales of motion.

Thus, the local sandpaper theory ignores a potentially significant contribution to roughness-induced forcing from
layers not directly in contact with the topography. A difficult choice must be made when implementing local
parameterization in isopycnal models. Users can either adopt a configuration with an exceedingly deep bottom
layer, which permits only a crude representation of stratification, or a priori dismiss potentially important non-
local components of topographic forcing. Since neither option is particularly appealing, we now develop a
non-local sandpaper theory, in which the effects of roughness are distributed throughout the entire water column.
The associated parameterization is implemented in the HYbrid Coordinate Ocean Model (HYCOM)—a gener-
alized vertical-coordinate ocean circulation model used for climate prediction, operational forecasting, and
process-oriented studies (Bleck, 2002; Chassignet et al., 2003, 2006, 2009; Metzger et al., 2014). We test the
sandpaper closure on the canonical vortex spin-down problem against the corresponding roughness-resolving
simulations.
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Figure 1. Schematic diagram illustrating the interaction of multilayer flows with rough topography. When the bottom layer
thickness is less than the height of the direct influence of roughness, the small-scale variability in seafloor relief perturbs
several interfaces in the abyssal zone. This small-scale variability leads to the systematic forcing of larger-scale motions in
the affected layers.

The material is organized as follows. The governing multilayer shallow-water equations are presented in Sec-
tion 2. Section 3 describes the development of the non-local sandpaper theory. In Section 4, the theory-based
roughness parameterization is implemented in HYCOM and validated through topography-resolving simula-
tions. The results are summarized, and conclusions are drawn, in Section 5.

2. Formulation

The governing equations are based on the multilayer shallow-water model (e.g., Pedlosky, 1987, Chapter 3):

1 . v *
+(V:f : V)"f +(_f*":'" *“f) = _EVPi* +"*V2"i* _M*V4V}k - ni}’*h_l*‘l'(slip—
0 i

ov} T
% 1%
ohi

oar*
oh’

SV i) =0

1

The asterisks denote dimensional quantities and v; = (u;‘,v;“) is the lateral velocity in layer i = 1,...,n, where
i = land i = n represent the surface and bottom layers, respectively. Dynamic pressure is denoted by p;', pj is
the reference density of the Boussinesq approximation, A; is the thickness of layer i, f* is the Coriolis parameter,
d; j is the Kronecker delta, 7% = (T;,T;) is the wind stress, and y* is the bottom drag coefficient. The lateral
dissipation of momentum in mainstream ocean models, including HYCOM, is represented by a combination of
Laplacian (v*) and bi-harmonic (¢*) eddy viscosities. The shallow-water model also assumes the hydrostatic
balance, which connects the dynamic pressure in adjacent layers:

P =i & (Pi —pi) Dk i=lean— L. @
=]

The number of controlling parameters is reduced by non-dimensionalizing the governing equations as follows:

. 2 .t
vi =fiLvi, pf=po( L) pe YD) =L(xy), F= 7 hi = Hyh;, 3)
0

where L*, Hj;, and ;" are the representative scales for the width of small-scale topographic features, vertical extent
of the model, and the Coriolis parameter, respectively.

The non-dimensional momentum and thickness equations take the form
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T= , V= s = > == .
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The recursive relation (Equation 2) reduces in non-dimensional units to
i
P =P + B DR, i=l.,n—1, (6)
Jj=1
N T L
where B;; | = —-2L—70 i5 the Burger number.
' L)
The development of the sandpaper theory centers on the potential vorticity (PV) equation. It is obtained by taking
the curl of the momentum equations (Equation 4), which eliminates the pressure gradient terms, and combining it
with the thickness equation:
9; , 94; 99
Ayt o 7
ot “ox Vi ay qi ( )
The relative and potential vorticities are denoted as ¢; = % - ‘3)—‘;; and g; = f;—lg[, respectively. Quantity F,, ; on
the right-hand side of Equation 7 represents processes affecting the Lagrangian conservation of PV:
Vi, Vi Y v z
FinUTi—/l hil—énih—nvx<i)+51ivx(h—l>. (8)
To perform the asymptotic multiscale analysis, we introduce the scale-separation parameter
L* 1
=, =<1, 9)
Lig AL
where Lj ¢ is the representative dimensional lateral extent of the large-scale flow, and L; is its non-dimensional
counterpart. This parameter defines the new set of spatial scales (X, Y) that reflect the dynamics of large-scale
processes, which are related to the original ones as follows:
X.Y) = €2 (x,y). (10)
The derivatives in the governing equations are replaced accordingly:
0 0 ,0 0 0 , 0
—o —tE& o, -t 11
ox ox fox oy oy fov an
The elevation of the seafloor relative to its global mean level is denoted as# = 1 — H, where H is the total ocean
depth relative to the still-water level. In the commonly used rigid lid approximation, H is equal to the sum of
individual layer thicknesses:
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n
dhi=H=1-n (12)
i=1
We assume that the seafloor elevation varies on both large and small scales. To isolate its large-scale (17;) and
small-scale (#5) components, 5 is written as

77=’7L(X’Y)+’75(X’Y’x’y)’ (13)
where

ne=<m, ns=n'" (14
The angle brackets represent averaging over small-scale variables, and primes denote the deviation from the
mean: a’ =a — {(a).
The subsequent developments also make use of the Parseval identity (Parseval, 1806):

(ab) = // a-conj<13) dk dI, (15)
where tildes denote Fourier images and (k,[) are the (x,y) wavenumbers of small-scale patterns. The Fourier
transform is defined as follows:

V LXLV ~
a=- = || a(k,l) exp(Tkx + Ily) dk dI, (16)
V3
where (Ly,Ly) is the domain size and / = v/—1. The sandpaper model considers statistically isotropic small-scale
components of bathymetry and therefore
=2
|’7S| =E1(X’Y’K)’ (17)
where k = VK2 + P~
3. The Multiscale Analysis
3.1. Fast Flows
The non-local sandpaper model utilizes standard methods of multiscale mechanics (e.g., Mei & Vernescu, 2010).
The analysis is focused on the asymptotic sector with representative velocity U = O(e) and v = 0(82). This
regime is characterized by asymptotically large Reynolds numbers Re = L:}’f = 0(8_1), and the solutions
obtained for this sector will be referred to as the fast-flow model. The system evolves on two distinct temporal
scales—advective and roughness-induced. Since non-dimensional large spatial scales are L; g = 0(8*2), whereas
the non-dimensional large-scale velocity is O(e), the advective timescale is represented by the variable T5 = 31
However, as will be seen shortly, rough topography affects the flow field over longer timescales: Ty = &*1. Thus,
the time derivatives in the governing equations are replaced by
0 5 0 4 0
— et —. 18
or S or, " € oty (18)
The Coriolis parameter is uniquely determined by the large-scale meridional coordinate f = f(Y¥), while the
forcing and dissipative parameters are rescaled as follows:
(0,1,7,7) = & (09, 9> Y0, %0 - (19)
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The expansion opens with the O(¢) large-scale velocity field in each layer (i = 1,...,n):
vi= eV (XY, T3 T) + Y, e (X.V,2,7,T5. Ty). (20)
=
The corresponding pressure field takes the form
= e_lpl-(fl)(X, Y,T5,T,)+ p,-(o) (X,Y,T5,Ty) + SP,-(I)(X, Y, T5,Ty) + z €'fP§j) (X,Y,x,y,T3,Ty), @n
2
and the analogous notation is used for the PV series. The Burger number in the recursive relation (Equation 6) is
based on the roughness length-scale (L* ~ 10 km), which is comparable to the radius of deformation in the abyssal
ocean. Thus, B, is considered an O(1) quantity. The small-scale bathymetric variability is weak:
s = 82’150’ (22)
and the solution for the thickness is sought in terms of a power series
hi = WO (XY, T3, Ty) + eh (X, Y, T3, Ty) + Y. e hP (X, Y,x,y, T3, Ty). (23)
=
The series for (u;,v;,h;) are substituted into the governing equations, and terms of the same order are combined.
The analysis commences by considering the leading-order perturbation balances. In the PV equation (Equation 7),
the small-scale components emerge first at O(&*):
9" og®  1yog” 19"  1y0g"”
— gy VS ) P =, 24
oT, M Tox TV Ty M Tox TV gy @4
where qgo) = h‘é’)’ and
oo Lo o o o o0 23)
! h§°> 0x 0X oy oY v Ay
We form the perturbation equations by subtracting the full equations and their (x,y) averages. For Equation 24,
we arrive at
@ 1)}
m94'i” 194’
——+v, ——=0, 26
whereas for Equation 25 we obtain
1 (ov®  ow®
@ _ i i @ (0)
i = h,@( ox "oy M) @n
If we restrict the analysis to well-behaved patterns of g’ 52) with continuous small-scale spectra (Equation 26),
demands that q’l@ = 0. This feature reflects the tendency toward homogenization of PV (e.g., Dewar, 1986;
Marshall et al., 1999; Pudig & Smith, 2025; Radko, 2022a, 2022b; Rhines & Young, 1982). PV-homogenization
reduces (Equation 27) to
) 2) 2
o ow® P _ 28)
ox dy hEO)
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The 0(84) PV balance is treated in a similar manner, which yields
©) (3 (0) ()
LIS 0T @%@ Y0 g @) Ko ga @) Yo @
4 S e e O R N M T - O
0x ady X Y I I h
where
(3) (3) ©) ©)
@ o L (O VT W 0w e ) ) 0] (30)
i h(o) 0x oX ay oY o Lo
The leading order perturbation momentum equations are
2
@ _ P
fv 1 ax
© 31)
() /
1@ 9P
fu? ===
The leading-order small-scale balances representing PV-homogenization (Equation 28) and geostrophic
approximation (Equation 31) are used to connect the perturbation pressure and thickness:
2
2, _L7H
V p i h(o) ’ (32)
which, in turn, yields the velocity components
)]
V2@ = _L on’';
nO 9y
® (33)
v2,r@ = L i
i h(o) ox
The leading-order small-scale component of the recursive relation (Equation 6) takes the form
p/SZ) ’542—)1 + B zh/(Z) (34)
We also use Equation 12, which states that the sum of all layer thicknesses equals the total depth. Since this
relation is linear, we readily isolate its small-scale second-order component:
Zh/l@ = —Tso» (35)
i=1
which implies that the sum of small-scale layer-thickness perturbations equals the small-scale component of the
ocean depth. The system (Equations 32, 34 and 35) represents a closed set of linear equations that can be used to
infer the pattern of the small-scale thickness /’ 52) from hEO) and 75,. We Fourier-transform this system in small-
scale variables (x,y) and eliminate p’; @ ), which results in
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Flai fau
W 2(()) +BH+IZaj—Oz—1 n—l
K2h; hiy =
(36)
n
Z a; =1,
i=l
where a; is the small-scale thickness component normalized by the seafloor roughness:
~©)
hl
a; = —— (37
Tso
Equation 36 makes it possible to determine, for any given large-scale stratification, the distribution of small-scale
perturbations throughout the water column. The array a; represents the vertical attenuation of small-scale
topographic signatures. The local model (Radko, 2024b) assumes that the effects of seafloor roughness are
limited to the lowest layer, which is equivalent to assigning @; = J,, ; . In contrast, the present formulation permits
finite values of a; in all layers, making it possible to explore the non-local large-scale effects of seafloor
roughness. In this study, we consider isotropic patterns of bottom roughness (Equation 17). Thus, Equations 36
and 37 imply that small-scale patterns of attenuation coefficients are isotropic: a; = a;(X,Y,T3,T4,«). This, in
turn, indicates that small-scale thickness and pressure patterns are also statistically isotropic.
Having determined the leading-order perturbation components, we now proceed to formulate large-scale equa-
tions. To that end, we average the governing system in x and y, focusing on the transfer of momentum and density
by small-scale eddies. Our goal is to identify the leading-order components of roughness-induced forcing.
Considering Equations 31 and 32, we conclude that
au/( ) aul(z) 0\1'(-2) avl(z)
2 _[.@ _{,@ _ 2 _ 2,0\ _ [.@.,@\ _
< 1) - >_<vll_ 0}1 = (u' a); — V/l() a)l, _<”/z(‘ )h/l( )> - <Vli )h/g )>—O. (38)
Thus, the small-scale eddy forcing terms emerge first at O(e5 ) in the momentum equations and 0(87) in the
thickness equation. The mean fifth-order momentum equation takes the form
a<v(.2)> PR ®)
! ® 4 RO 4 (™ ®\) 3) , )
o1, Tor, TAT TR ( f<vi >’f<”" >) ==V < i > On 107, @ (39)
n
where Vy = (&, ) denotes the large-scale gradient, and A = (A)(CS,),A(S)) is the mean-field advection:
A0 — )y < (2>> <v<2)> VoD
(40)
5 2 2 1
A =,y <v5)>+<v§>> Vo
Term R(S) (R)ES)I,RG) represents the Reynolds stresses:
K = () + (rO5u)
(41)
R;si) = <v’l(.2)-Vv’l(-3)> + <v’g3)-Vv’§2)>.
In the thickness equation, the roughness-induced eddy forcing appears first at 0(57):
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a<h’(4)> a<h’(‘3)> 9 (o 0\ {6 @53 OMe)
L (B ) ) o)
oTy | 0T, & oX Z_;<” ' B i
J= (42)
0 [/ .
w( SOV + (w4 <Vfgz>h/gz>>) _o,
j=1
where it is represented by terms <v’ Ez)h’ l(-3)> and <v/ 53)h’ 1(2)>. These eddy-transfer components are treated using
the Transformed Eulerian Mean framework (e.g., Andrews & Mcintyre, 1976), which reformulates governing
equations in terms of residual circulation. The result of this transformation is a system in which small-scale
forcing appears exclusively in the momentum equations, leading to several conceptual and technical simplifi-
cations. In the present context, the residual velocities take the form
<v,(2>h,(3>> + <v,(3>h,(z>>
Vies i = <v,(-5)> + 0 . (43)
1
We now use Equation 43 to express the momentum equations (Equation 39) in terms of residual, rather than mean
velocities:
0<v(.2)> oy ®
i v; 5 3 v 5
W"' 6T A( ) + ( fvres nfures l) - < ,( )> 5n z}/O<h(0)> D( ) (44)
where DES) = (D)((S)I,D(S) represents small-scale momentum forcing:
5 5 0 2),,3 0 3) ;2
D) = 0,0 (w9 = 0 ()
(45)
DE) = —R®) + q50)< '@ h’§3’> +q® <M’§3) h'§2’>.
These expressions can be further simplified by combining Equations 25, and 30, and 41:
(5) © /5, 13)
D h < ’ q/i >
(46)
G) — O @ ,(3)
D% = - (uPq'().
To complete the development of the model, it is necessary to express the PV fluxes R, ; = h(0> <v’ (z)q’ (3)> in
terms of large-scale properties. To that end, we turn to the fourth-order PV equation (Equation 29). Following
Radko (2024b), we perform the analysis in the Fourier space and evaluate R, ; using the Parseval identity
(Equation 15):
v’(z) ’(3) [/v’ COHJ )) dk dl. 47)
Since the PV equation (Equation 29) provides only the along-flow variation in g, ® , we adopt the flow-following
coordinate system
l%:kcosé?,-+lsin9,~
. ) (48)
l=—ksin0; + [ cos 6;
RADKO ET AL. 9 of 23
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where the flow-orientation variable 6; is defined by
6) = ”z(‘l) " V(l)
cos(6; —v—, sin (| )—W 49)
In the flow-following coordinate system, the Fourier image of Equation 29 reduces to
(0) ()
O 77 2® = @i _ 5®94; " _ Vo ~(2) Fo a5 ® _ On iYo5®)
pi°) 1k =T T TR TR TR G0
which is further simplified using Equation 33:
e 1 IR 0g®  fIkRY 0g® £ B 2y B il 5
7= 1O oX T e oy T j0r | PRS0 ) D
This expression is then used to evaluate Equation 47 and thereby determine R, ;:
2
o/ @ @\ _ 2 u Yo ,(2)‘2
h; <u q > ‘ (1)) h(o)z sin @ [ | vk + poi® + 0 h(o) ;7| dx
(52)
2
o/, 6\ ___ 2 8y %o ,(2)\2
h; <v Jq >— ‘ (1)‘ (0)2cos«9 VoK + pok® + 0 h<°) h'i 7 dk.
vl hy
The multiscale analysis is now complete, and we rewrite the evolutionary large-scale equations for the bottom
layer using the original independent variables (x,y,?) in place of (X,Y,T'). The entire set of evolutionary large-scale
equations is reconstructed by combining all (x,y)-averaged balances. The result is simplified by introducing the
large-scale field variables
n= 2 (0 ke, = el (7). pi= Y (), (53)
= =0 j=—1
which leads to
a_ V)y - _V5 sz v47 S vi 5 T D( fast)
E"'(V Vi + (=fvio fu;) = =Vp; + oV — uV'y; — ni ¥+ o1 g+ D
1 1 (54)
oh;
—+V - (k) =0,
ot
where D{™" is the roughness-induced drag:
: 2 1)
Dl(.f“”) =55Dl(.5) th ey /a (DK+,MK + Zly)”?s|2d’<- (55)
vl
In deriving Equation 54, we have neglected o(¢’) terms in the momentum equations and o(e’) terms in the
thickness equation. Thus, the explicit viscous terms vV?y; ~ O(e”) and uV*v; ~ O(e'') could have been
neglected. However, they are retained in Equation 54 to maintain the structural similarity with the governing
equations (Equation 4). Their inclusion does not affect the asymptotic accuracy of the large-scale model.
The expression (Equation 55) is analogous to the forcing patterns in the local model (Radko, 2024b). The key
difference is that the roughness signal is now distributed through the entire water column. This signal is
RADKO ET AL. 10 of 23
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modulated by the attenuation factors a;, which can be readily obtained for a given stratification pattern using
Equation 36. It should be emphasized that the attenuation factors a; become vanishingly small in the limit of
h; — 0. This feature has far-reaching consequences for implementing the sandpaper parameterization in nu-
merical isopycnal models. In realistic configurations, density interfaces often intersect the seafloor, and the

bottom layer depth in such locations approaches zero (En -0 ) In this limit, the roughness-induced forcing
predicted by the local model increases without bound <|Dloc|o< ﬁ;2>. In contrast, the non-local model remains

well-behaved and physical. To highlight this property, we express the foregoing formulation in terms of the

normalized attenuation factors b; = ;—‘ which reduces Equation 55 to
v, O i

foa“) = —2nfzﬁf b? <1)K + i + E"ly )|r]s|2l<d1<. (56)
Vi iK

The attenuation model (Equation 36) takes the form

fz(bi - bi+1) + K2Bi,i+1 ZEJbJ =0,l = l,...,n -1
j=1
(57

i Eibi =1
i=1

3.2. Interpretation

The non-local model's ability to consistently represent the thin-layer regime is a major step forward relative to its
antecedents. However, this advancement also prompts discussion of the essential physics that the non-local model
captures, but its local counterpart does not. In this regard, we note that the local sandpaper model (Radko, 2024b)

can be readily recovered by assigning the attenuation factors in Equation 57 values of b; = "i— The regularity of

the non-local solutions (Equation 57) in the limit of 7, — O stands in stark contrast to the unphysically singular

L

pattern of the bottom attenuation coefficient b, = ; in the local model. This observation also provides insight

n

into the key dynamic differences between the two systems. In the local model, small-scale variability in thickness
is restricted to the bottom layer and therefore h, = —ng. Thus, when the bottom layer shrinks (h, — 0),
perturbation velocities (Equation 33) unphysically increase without bound. This, in turn, leads to a singular
behavior of the form drag and Reynolds stresses in the thin-layer limit. The non-local model, on the other hand,
permits the penetration of the roughness-induced eddies into the layers above. The leakage of small-scale vari-
ability from the bottom layer reduces £, and thereby redistributes roughness-induced drag across several layers.
Accounting for this effect removes the singularity of the local model.

Another feature of the sandpaper theory that requires clarification is the sensitivity of the roughness-induced
forcing (Equation 56) to the assumed dissipation parameters (v,u,y). These parameters themselves represent
parameterizations of subgrid processes. In general circulation models, the selection of the momentum transfer
coefficients is often affected by numerical stability considerations. However, explicit friction (Laplacian, bi-
harmonic, and Ekman) is introduced in the sandpaper theory to capture dissipative phenomena operating at
sub-roughness scales (L <1 km). These frictional processes perturb the leading-order geostrophic balance of the
roughness-induced pattern, resulting in finite eddy form drag and Reynolds stresses. Therefore, we urge caution in
selecting relevant values of dissipation parameters in Equation 56. Particularly perilous are circulation models
that resolve active turbulence on sub-roughness scales. The momentum transfer by sub-roughness eddies partially
replaces the explicit dissipation in coarser simulations. Thus, the sandpaper parameters should be adjusted
accordingly. A promising path forward in this area would be the development of roughness-induced drag laws for
the hard turbulence limit, in which explicit friction parameters become inconsequential. Another option for future
efforts is to leverage the flexibility of the sandpaper model, which enables straightforward adoption of more
advanced dissipation closures once they become widely available and accepted by the ocean modeling
community.

Fortunately, for many applications, the issue of sub-roughness eddy transfer does not arise. The case in point is the
present-day basin-scale simulations, which are performed at lateral resolutions of 1-2 km at best. The maximum
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gradient spectrum in the Goff-Jordan roughness model peaks at the wavelength of L;; =~ 6 km. Therefore, the
sub-roughness eddies in basin-scale models are currently unresolved, and momentum transfer at kilometer scales
is controlled by explicit friction. Nevertheless, it is now clear that accounting for the roughness effects is
beneficial for large-scale modeling. Several studies (Chassignet & Xu, 2021; Chassignet et al., 2023; Richet
et al., 2025) demonstrated that simulations can be brought into closer agreement with observations simply by
improving the representation of small-scale topography. However, bathymetry at kilometer scales remains un-
mapped over most regions of the World Ocean, and roughness-resolving simulations often incur prohibitive
computational costs. These complications can be mitigated by incorporating sandpaper closure in global and
basin-scale models. In such systems, a reasonable approach would be to implement sandpaper parameterization
using the nominal explicit dissipation parameters assumed by general circulation models.

3.3. Regularization

The large-scale model in Equations 54, 56 and 57 represents a closed system of evolutionary equations that
captures flow forcing by rough topography. However, there is one physically suspicious and computationally
inconvenient feature of this set—the singularity of the forcing term in the limit of weak velocities |v;| — 0. The
origin of this singularity lies in the high-Reynolds-number assumption used in the large-scale model. To regu-
larize the limit |[v;| — 0, we consider a strongly dissipative system with Re < 1 and then develop a hybrid model
that captures the transition between fast-flow and slow-flow models. While most of the ocean can be modeled as a
high-Re system, regularization prevents parametric simulations from failing near stagnation points where currents
effectively stop. The slow-flow model is described in Appendix A. The key result is the topographic forcing

function D™ that replaces D™ in Equation 54 for weak velocities:
Dgslow) — _5;1 iG(slow) Vi, (58)

where the expression for G®°*) in terms of seafloor properties is given in Equation A17. In contrast to the fast-

flow model (Equation 56), the forcing function Dl(-SIOW) is well-behaved in the limit |[v;] — 0, which enables
regularizing the sandpaper parameterization. We also note that the proposed non-monotonic pattern of roughness-
induced drag, which increases with flow speed in slow currents and decreases in swift flows, is a robust and
generic property. It is borne out in all versions of the sandpaper theory (Radko, 2022a, 2022b, 2023a, 2023b,
2024b). In addition to the arguments based on multiscale asymptotics, the non-monotonic drag pattern has been
confirmed by diagnostics of roughness-resolving simulations (Radko, 2023a).

The algorithm used to bridge the fast-flow and slow-flow solutions follows the one adopted in Radko (2024b).
The forcing functions are first written as

Dl(slow) — _5n iG(slow)wi' S Dgfast) — _Gi(fast)wi'—l Sis (59)

where
5.
G =2nf2/bf (ux+,uz<3 +£_z7’ )|71s|2’< dx. (60)
K

In Equation 59, s; = ‘g—‘ denotes the unit vector aligned with the flow, and the normalized attenuation factors (b;) in
Equation 60 are computed from Equation 57. Next, we introduce the analytical function ®; (|v;]) that converges to

8, ;GE°M|¥;| and G}f"‘s"|v,-|‘1 in the slow-flow and fast-flow limits, respectively. For the bottom layer, we use

@, = /GG exp (—\/1 + 1n2(|vn|Vgln)>. (61)

.. . (fast) . .. .
The critical velocity Vi, = 4/ % in Equation 61 represents the transition point between fast-flow and slow-

flow regimes. For upper layers (i = 1,...,n — 1), we consider
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A; = tanh* (9 V) G, (62)

G(fusl) (fast) f2 v 2 . .
where Ve, = 4/ oo and G = ZTEZ—Z S (UK + S + ﬂ) |ns|” dk. Function (Equation 62) converges to

Gi(fm)ﬁirl for |v;| > V., but becomes vanishingly small, on the order of O(|V,»|3 ), for [7;] < V¢ Both
properties conform to the anticipated patterns of the roughness-induced drag in the fast-flow (Section 3.1) and
slow-flow (Appendix A) limits. The hybrid model of topographic forcing becomes

Dl(hybrid) = —®,

1

(63)

<=

The corresponding evolutionary large-scale equations based on the hybrid model are obtained by replacing DEfﬂsr)

in Equation 54 by thyb'id). In dimensional units, the resulting system takes the form

=k
ov;

ot*

=%
Vi

hi

+(hybrid)
i

+ (V)P A+ (VL) = == VP 0TV =tV =8, b+ i*_h*+D
Po Po't;

(64)

oh; -
e v-(v;hl) =0,

where D} ™" = 2 pMrid) Thig hybrid formulation is well-behaved across all flow speeds. It should be

emphasized that the sandpaper theory makes no assumptions regarding the large-scale flow pattern or the
(hybrid)

boundary conditions. Thus, the roughness-induced drag D; can be readily incorporated in the momentum

equations of any isopycnal model, including comprehensive general circulation models.

4. Implementation and Testing
4.1. Experimental Configuration

To assess the sandpaper model's performance, we consider simulations conducted with HY COM. The roughness-
resolving experiments are compared with solutions based on the parameterized system. To streamline interpre-
tation, the entire analysis is conducted in dimensional units. The asterisks, which previously denoted dimensional
quantities, will not be used hereafter. The following system is designed to represent the dynamics of the abyssal

ocean, directly affected by seafloor roughness. The reference ocean depth is set to H, = 10° m, and the reduced

gravity is assigned a value of g’ = g % = 1073m s72, which is representative of deep ocean regions. We also
assume that the density differences between adjacent layers are identical: p,;, ; — p; = 2=2.. The calculations

1 2 s—l

are performed on the fplane with f = 107 s~!, and the dissipation parameters are v = 10 m and
# =y =0. The chosen v is consistent with values used in comprehensive roughness-resolving HYCOM
simulations (e.g., Chassignet & Xu, 2021; Chassignet et al., 2023). We configure HYCOM with 10 layers of

background thickness of 100 m each.

The non-local model is tested on the canonical vortex spin-down problem. We consider an initially barotropic
Gaussian vortex

w=C exp(—%), r=x2 +y2, (65)

where y is the streamfunction associated with the velocity field (u;,v;) = (—3—";, 3—‘)’(’), and R = 5 X 10*m is an

effective radius. The amplitude C = 5 x 10°m?s~! used in simulations corresponds to the maximal radial ve-
locity of V,,,x = 0.086 ms~!. We assume doubly periodic lateral boundary conditions and employ a relatively
wide computational domain of size (L,,L,) = (4-10°m,4-10°m), which minimizes the influence of boundaries
on the vortex dynamics.
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0 "Woos Topography is represented by irregular small-scale variability based on the
-100 1 B observationally derived spectrum of Goff and Jordan (1988):
-200 + 0.06
-300 A 0.04 2 2 2\ —7/4
oo (1) (1 () + G
-400 1 Pg; = |1+ |z=—) + |z (66)
0.02 GJ >
— =500 . @n)* \koly 2mk 2mtl,
':‘ -600
-700 A R where 7, is an adjustable coefficient that allows us to specify the desired
-800 1 004 roughness magnitude. The original spectrum was substantially anisotropic, as
=200 -0.06 reflected by unequal effective wavenumbers—zonal (ky = 2.3 X 10™*m™")
-1000 1
1100 ‘ : ‘ 0:08 and meridional (I = 1.3 x 107*m™"). However, to unambiguously assess
-1.5 -1 -0.5 0.5 1 15 the performance of the sandpaper model, which in its present form assumes
x [m] x10° isotropic roughness, we follow Nikurashin et al. (2014) and consider
Figure 2. The zonal section across the center of the computational domain g 4 1
used in the roughness-resolving BOWL experiments. The horizontal lines ko =1lp=18x10"m"". (67)
indicate the density interfaces, which often intersect bathymetry. The red-
blue pattern represents the initial meridional velocity v;[m s™'] associated The small-scale topography in physical space (1) is obtained as a sum of
with the Gaussian streamfunction (Equation 65). Fourier modes with random phases and spectral amplitudes conforming to
Equation 66. The wavelengths of these modes are constrained from above and
below:
2n
Lmin < 7 < LmaX' (68)

We assume Ly, = 3 X 10* m to satisfy Equation 9 and L;;, = 3 x 10*> m to ensure that all topographic scales
are well resolved. The spectrum is normalized so that the root-mean-square small-scale depth variation is
Nms = 15 m. Two sets of simulations are presented. The first set considers flat large-scale bathymetry and will
be referred to as FLAT hereafter. The total depth is given by

FLAT : H = Hy — n4(x, ). (69)

which is used to explore isopycnal surfaces that do not intersect with rough topography. Therefore, the FLAT
simulations enable us to assess the merits of local and non-local parameterizations. The second set examines
circulation in the basin, where depth varies at both large and small scales. It will be denoted as BOWL, reflecting
the bowl-shaped domain (Figure 2) used in these simulations. The depth pattern is given by

BOWL:H =H, — art — ng(x,y), (70)

wherea = % =2 x 107m~!, and ris the distance from the domain center. In these experiments, the isopycnals
intersect the topography, and layers vanish (E,- — O) in some locations, which the local model cannot handle. In all
sandpaper simulations, the explicit small-scale variability in bottom topography is removed (175 = 0) to prevent

double-counting of roughness-induced forcing. The analysis of both FLAT and BOWL systems focuses on
comparing non-local parametric and roughness-resolving simulations.

4.2. FLAT Simulations

Our first example is the roughness-resolving FLAT simulation performed on a fine mesh with
(Ny,Ny) = (512,512) grid points. Figure 3 presents the absolute values of total velocity |v;| and its small-scale
component |vg ;| in layers i = 8, 9, and 10 realized at r = 10 days in the roughness-resolving FLAT simulation.
The small-scale velocity (ug;,vs;) was obtained by removing Fourier components of (u;,v;) with wavelengths
exceeding L.

The velocity patterns in Figure 3 reflect the presence of small-scale eddies in deep layers. Their intensity,
however, rapidly decreases away from the seafloor. These results are consistent with the proposed scaling for the
vertical extent of a region directly affected by roughness (Radko, 2022b):
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Figure 3. The roughness-resolving HYCOM simulation in the FLAT category. The instantaneous patterns of the absolute
velocities (left panels) and their small-scale components (right panels) are shown for # = 10 days. Panels (a, b), (c, d), and (e,
f) represent layers 8, 9, and 10, respectively.
f
Regp ~ ——, 71
eff NKS ( )
7. . .
where N ~ 4/ fTO is the buoyancy frequency and g is the representative wavenumber of small-scale topography.
Scaling (Equation 71) also matches the attenuation of perturbations in continuously stratified quasi-geostrophic
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models (e.g., Vallis, 2019). For the present configuration, /ey ~ 100 m,

Eior [m?s7?]

which explains the patterns observed in Figure 3. In the upper layers (i = 1,
2, ..., 7), the small-scale signal is weak and largely inconsequential.

To examine the temporal pattern of the vortex spin-down, Figure 4 presents
the time series of the net volume-averaged large-scale kinetic energy
Eq(1) = (u* + V2>X’W. In each layer, the large-scale velocity components
(u;,v;) are computed by retaining harmonics of (u;,v;) with wavelengths
exceeding L,,,.. These are the flow components that the sandpaper theory is
designed to represent. The kinetic energy in the roughness-resolving
HYCOM simulation, indicated by the solid black curve in Figure 4, mono-
tonically decreases in time, and the spin-down is effectively completed by

t = 250 days. The analogous parametric simulation is performed using the
non-local sandpaper model (Equation 64), in which the attenuation factors are

Figure 4. The time series of the mean domain-integrated large-scale kinetic computed using (Equation 57). As will be seen shortly, parametric simula-
energy Ey, for simulations in the FLAT category. The roughness-resolving, tions are largely insensitive to resolution, and those in Figure 4 are based
non-local parametric, and loc.al paramgtric simulations are indicated by black, on (N,, Ny) = (256,256).

red, and blue curves, respectively. Solid curves represent HY COM-based

simulations. Also included are the results of the quasi-geostrophic (dotted
curves) and shallow-water (dashed curves) spectral simulations. The
overlapping green curves represent smooth topography (’7s = 0) simulations.

E:(t) in the parametric model (solid red curve in Figure 4) closely follows
the roughness-resolving calculation. The non-local sandpaper theory un-
derestimates the vortex energy throughout the entire simulation, but the dif-
ferences are small ( AE < 1.7 X 1078 m?s2 ). We also note that the computational overhead of parametric
simulations associated with evaluating the roughness-induced drag components could be effectively eliminated
by increasing the periodicity (Atypaae) Of updates of the attenuation coefficients b;. For moderate Afypgye, this
approach does not lead to the substantial loss of accuracy. For instance, the relative difference in E, for simu-
lations in which attenuation coefficients were updated at each step (Afypque = 55) and once every hour
(Atypaae = 3600 s) is typically on the order of 1078,

To quantify the relative benefits of local and non-local formulations, we present (Figure 4) the simulation per-
formed using the local sandpaper model (solid blue curve). The numerical algorithm is modified by assigning the
attenuation factors a; = §, ,—values that define the local formulation. Figure 4 indicates that the local model
substantially overestimates the vortex decay rate. Its poor performance in the current configuration is unsur-
prising. The local model assumes from the outset that the roughness-induced perturbations are wholly contained
in the bottom layer, which demands that A < h,. However, at present, we use a relatively fine vertical dis-
cretization with Ay ~ h,, violating the very assumption of the perturbation locality.

To ensure that the results in Figure 4 are not model-dependent, we have reproduced the FLAT HYCOM simu-
lations using the Fourier-based spectral dealiased model employed in our previous studies. Two versions of the
spectral model have been considered. The first model (dashed curves in Figure 4) integrates the shallow-water
equations and their parametric counterparts (Radko, 2024b). The second spectral model (Radko, 2023a) is
based on the quasi-geostrophic framework (e.g., Pedlosky, 1987, Chapter 6) and is indicated by dotted curves.
Since the algorithms in all models differ substantially, their close agreement lends further credence to our
findings. Another interesting feature of Figure 4 is the consistency of shallow-water and quasi-geostrophic
simulations. In the quasi-geostrophic model, finite-amplitude thickness variation and ageostrophic velocities
are treated as higher-order corrections. However, the assumption of weak variation in layer thickness is at odds
with the distribution of /4, which varies by up to 60% relative to the global mean. Thus, the agreement of quasi-
geostrophic and shallow-water models implies that processes not captured by the quasi-geostrophic model have a
limited impact on roughness-induced bottom drag. We find this result particularly encouraging, given the sub-
stantial conceptual insights and computational gains afforded by quasi-geostrophic approximation.

Overall, the diagnostics in Figure 4 reinforce our belief that seafloor roughness can substantially impact the
evolution of large-scale oceanic flows (LaCasce et al., 2019; Radko, 2023a, 2023b). This point is illustrated by
presenting the smooth-bottom (’7s = 0) simulation. The vortex evolution in this experiment is qualitatively
dissimilar to its rough-bottom counterpart, and the decay rates differ by a factor of three. It should also be noted
that the roughness level considered in this study is relatively low (nrms =15m ) The small-scale variability in
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many regions of the World Ocean is much more pronounced, with

Nms > 300 m not uncommon (Goff, 2020). Yet, even the present, relatively

mild roughness dramatically accelerates spin-down.

Figure 5 examines how the performance of parametric and explicit-
topography HYCOM simulations is affected by changes in resolution. The
design of all experiments in Figure 5 matches the baseline simulation
(Figure 3), but the lateral mesh (N, X N,) is systematically coarsened. In the
explicit-topography simulations, we use the depth data from the fully resolved
experiment (Figure 4) at every other grid point for N, X N, = 256 X 256,
every fourth for 128 X 128, and every eighth for 64 X 64 cases. As ex-
pected, the coarsening of the explicit-topography experiments leads to a

L a1
150 200 230 dramatic loss of accuracy. In contrast, parametric simulations proved to be

t [days]

largely insensitive to changes in resolution.

Figure 5. The impact of resolution on the accuracy of the explicit-topography

(black curves) and parametric (red curves) simulations. Time series of the 4.3. BOWL Simulations

domain-averaged large-scale kinetic energy E, in FLAT simulations are

shown for N, x N, = 512 X 512 (solid curves), 256 x 256 (dashed curves), ~One of the motivating factors for developing the non-local theory was the

128 x 128 (dot-dashed curves), and 64 X 64 (dotted curves).

requirement that the parametric model perform well even near intersections of
isopycnals with topography. Since the depth of the bottom layer at such lo-
cations approaches zero, the local parametrization is inapplicable there. The question arises as to how accurate the
non-local parametrization might be under such challenging conditions. To that end, we use the computational
domain shown in Figure 2, in which density interfaces intersect the bathymetry at several locations. The spectral
models (Section 4.2) are not designed to treat such systems, and therefore, we present only HY COM-based
simulations.

Aside from differences in bathymetry, the design of BOWL simulations follows that of their FLAT counterparts.
The temporal record of the total energy is shown in Figure 6. As expected, the attempt to use the local param-
eterization has resulted in a catastrophic failure of the simulation. Therefore, Figure 6 presents the roughness-
resolving simulation (black curve) and the non-local parameterization (red). The parametric and roughness-
resolving E,,(¢) patterns are generally consistent, although the sandpaper theory tends to overestimate the energy.

While the diagnostics in Figure 6 focused on the system's integral properties, we also find it instructive to examine
the evolutionary patterns of individual layers. Particularly interesting are the dynamics of the tenth layer. It is
located immediately above rough topography, and its thickness gradually reduces from the maximal value at the
vortex center to zero at r &~ 7 X 10*m. These features make the tenth layer
particularly vulnerable to the roughness-induced forcing. Therefore, we

present (Figure 7) the time series of the mean large-scale kinetic energy in the
tenth layer (E,). Figure 7 suggests that the roughness-resolving and non-local
parametric patterns of E;o(¢) are generally consistent, although the sandpaper
theory tends to underestimate the vortex spin-down rate. As in the FLAT
configuration, the parametric simulations in Figures 6 and 7 are largely
insensitive to resolution. On the other hand, the coarse-grid and fully resolved
explicit topography experiments yield inconsistent estimates.

5. Discussion

20

00 120 M40 160 180 200 The rough topography of the ocean basins presents a major challenge for

7 [days] theoretical analyses of circulation, numerical modeling, and the interpretation
of field measurements. The cumulative impact of kilometer-scale topographic

Figure 6. The time series of the domain-averaged large-scale kinetic energy features on much broader flow patterns can be dramatic (LaCasce et al., 2019;

E,, in the BOWL simulations. The explicit-topography and non-local
parametric simulations are indicated by black and red curves, respectively.
The green curve represents the smooth topography (115 = 0) simulation.

Radko, 2020) and, in some cases, lead to unexpected consequences
(e.g., Gulliver & Radko, 2022). Yet, these small-scale seafloor patterns are

Simulations performed with N, x N, = 512 x 512,256 x 256,128 x 128 unresolved by global climate and operational predictive systems, and our
x y ’ ’ ’ e . Lo ..
and 64 X 64 are indicated by solid, dashed, dot-dashed, and dotted curves, ability to concisely represent roughness effects remains limited. Empirical

respectively.

drag laws currently used by general circulation models do not capture the
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x10° dynamics of roughness-induced forcing, motivating efforts to design more

E o [m%~2
10l 1Sl

0.5

targeted closure schemes.

Our previous attempts to develop physics-based parameterizations of
roughness have led to the so-called sandpaper model (Radko, 2024a, 2024b).
This model is based on the multiscale asymptotic analysis of governing
equations. Therefore, unlike many other closures, it does not rely on empirical
assumptions. As a result, the sandpaper theory is dynamically transparent, and
the mechanisms of flow-roughness interaction can be unambiguously inter-
preted by considering balances arising at each order in the expansion. For
instance, the key property of the model's fast-flow limit is the homogenization

of small-scale PV in the abyssal layer, which results in the counterintuitive

0 .
0 20

Figure 7. The same as in Figure 6, but for the mean large-scale kinetic energy

in the tenth layer (E;o).

40

t[ii(:;s] 120 140 160 180 200 reduction of the roughness-induced drag with increasing velocity. Another

appealing feature of the sandpaper model is that it circumvents the need to
consider specific patterns of small-scale topography, which vary by location.
Instead, it focuses on the statistical spectrum of bathymetry, which holds
promise of a more universal description of roughness-induced forcing. The
sandpaper theory has been tested by modeling various baroclinic and barotropic phenomena, including the
spinning-down vortex (Radko, 2022a, 2022b), forced large-scale flows interacting with multiscale topography
(Radko, 2023b, 2024b), and free Rossby waves (Davis et al., 2025). In all cases, the evolutionary large-scale
patterns predicted by the sandpaper theory matched those from the corresponding roughness-resolving
simulations.

The key shortcoming of these early efforts is the assumption of locality. The lowest isopycnal layer was assumed
to be deep enough to encompass the entire region of the roughness's direct influence. This assumption can be
violated when the vertical resolution in the abyssal ocean is systematically increased (see the schematic in
Figure 1). Limitations of the local formulation become particularly apparent in the context of operational ocean
simulations that use isopycnic coordinates, such as the Navy Global Ocean Forecast System (Metzger
et al., 2014), which is currently based on HYCOM. In these realistic configurations, density interfaces frequently
intersect bathymetry, and the roughness-induced drag predicted by the local model becomes singular. It
unphysically increases without bound, precluding the implementation of the sandpaper closure in its original
form. The singularity of roughness-induced drag is shown to be a direct consequence of the locality approxi-
mation used in earlier sandpaper models.

To overcome the deficiencies of the local closure, we develop a non-local sandpaper model that accounts for
small-scale variability in layers not in direct contact with the seafloor. The physical processes captured by the new
theory are dynamically analogous to the previously identified forcing mechanisms in the local model. However,
unlike its local antecedent, the interaction of primary flows with rough terrain in the non-local model introduces
small-scale variability throughout the water column. These topographically induced eddies, in turn, affect large-
scale circulation patterns through the eddy form drag and Reynolds stresses. The non-local formulation is
implemented in HY COM, a mainstream general circulation model, thereby facilitating the adoption of sandpaper
closure by the modeling community. The theory-based parameterization is tested on the canonical vortex spin-
down problem and shown to be consistently more accurate than its local counterpart.

While our preliminary results are encouraging, testing and validation of the non-local model should be extended
to progressively more complex and realistic configurations. The wind-driven double-gyre system with corrugated
bathymetry represents a natural advancement, permitting concurrent assessment of the sandpaper model in swift
boundary currents and broad interior flows. A separate question concerns the geographic variability of ocean
roughness. While the sandpaper theory permits large-scale modulation of small-scale topography, current vali-
dation efforts (Section 4) have been limited to systems with uniform roughness. Yet another aspect that requires
systematic analysis is the performance of the sandpaper closure in eddy-resolving, eddy-permitting, and non-
eddying circulation models. Beyond the pragmatic interest in improving the fidelity of numerical forecasts, the
non-local model may also yield further theoretical advancements. Of particular interest is the extension of the
sandpaper formalism to continuously stratified systems. One pathway to the development of a fully three-
dimensional z-coordinate sandpaper model is the analysis of the asymptotic thin-layer limit

Ap = | ax 1{pi = /),-} — 0. This regime would have been inaccessible through its local formulation, which
sSisn—
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a priori assumes a sufficiently deep bottom layer. However, the non-local theory effectively removes the re-
striction on vertical discretization, making the model more flexible and general.

Another theoretical development should target non-isotropic bathymetric spectra. The observationally derived
spectrum of Goff and Jordan (1988) accounts for the anisotropy of the seafloor by introducing two distinct
effective wavenumbers in Equation 66, zonal (k) and meridional (/y). For simplicity, the present parameterization
assumes an isotropic model based on the average wavenumber. It remains to be determined whether this
approximation introduces substantial bias. If it does, the sandpaper formulation should be generalized to account
for the unequal values of k; and /. A separate line of investigation should address the contribution of flow-
blocking and lee waves to roughness-induced drag (e.g., Klymak et al., 2021). In the present formulation of
the asymptotic model, the leading-order component of roughness-induced forcing is controlled by dissipative
processes. The aspect is consistent with simulations (Section 4), which show excellent agreement between
parametric and more general roughness-resolving experiments. However, this property should not be taken for
granted, particularly for more realistic and complex systems. It may prove prudent to extend the asymptotic
expansion to include non-dissipative higher-order components of roughness-induced forcing. There are numerous
other enhancements and extensions of the sandpaper model on our wish list. They include, but are not limited to,
non-hydrostatic effects, roughness-induced water mass transformation, interaction of small-scale topography
with tides, and more precise interactive models of explicit dissipation. Nevertheless, we believe that our general
approach, which is based on the statistical roughness spectrum rather than on specific spatial patterns, will remain
highly beneficial in future flow-topography interaction studies.

Appendix A: The Slow-Flow Model

To identify the essential dynamics of flow-topography interaction of low Reynolds number flows, we consider the

asymptotic sector U = O(e*) and v = O(e), which corresponds to Re = £ = O(e). The solutions obtained

in this sector will be referred to as the slow-flow model. The temporal variability in this low-Re regime is ex-

pected to be controlled by dissipative processes rather than by mean-field advection. The dissipative processes in

the slow-flow model operate on the timescale T5 = €%, and therefore, temporal derivatives in governing
3.9

equations are replaced by % = &5 The frictional parameters and small-scale bathymetric variability are

rescaled as follows:

v=evg, H=EHy V=€ s = s (AD)

We seek the solution in terms of the following power series for velocity

v = e (XY, T3) + ) e (X, Y. x,y.T3), (A2)

=

and pressure

0 1 2 — i (J
pi =Y. T3) + epV (X, Y. T3) + 9P (X, Y. T3) + > e/p? (X, ¥V, x,3,T5). (A3)
=

The layer thicknesses are still represented by Equation 23.

Following the approach used in Section 3, we first compute the leading-order perturbation balances. For the
momentum equations, it is realized at O(e*):

fv/(.S) = ap_lf3)

! 0x

3 (A4)

fur® = %'
1 ay
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The key insights into the dynamics are brought by the small-scale 0(84) balance of the PV equation (Equation 7):

2 2
u@—aq/( : + v(z)aq/( : = ¢ NOMEE S
i ox i ()y ]’ZSO) i hl(o) i h(o)z i

1

= %0 g2,@) _ Ho g /@ O 0,0 (AS)

where

2
@ _fh/:(' )

q i 2°
(")

The leading order small-scale component of the recursive relation (Equation 6) takes the form

(A6)

i
By WP =0, i=l..n—1, (A7)
j=1

and when it is combined with Equation 35, we conclude that

h',('z) = —0n ills0- (AB)
This result underscores the fundamental difference between the effects of roughness in fast and slow flows. While
the vertical attenuation factor (a;) in the fast-flow model attained finite values in several layers, the reduction in
the flow speed for the same stratification pattern (B;,, ;) has led to the localization of a roughness signal to the
lowest layer: a; = 8, ;. In retrospect, this conclusion appears natural and physical since the flow speed un-
doubtedly controls the vertical transmission of the roughness signal. In the limiting case of a quiescent system,
one expects density interfaces to flatten. In this regime, Equations A4—A6 can be solved for small-scale velocity
components as functions of roughness. The calculation is performed in the Fourier space and results in:

FI(ku® + b))

i’i/(?)) = 0 0 fI'SO
(K902 + W por* + 1o )2

50 Sh(kul® + )
n
(K 0ok + K porc + 7o)

(A9)

Ul

11S0.

@3

and;’i) =0fori <n.

The evolutionary large-scale system is obtained using the 0(85) mean momentum equations:

o )
L () i) = a5

and O(¢”) thickness equation:

6<h§4)> PN . . o[ i i
T + 5(( Z<ufl)> <hl(5—j)> + <M/z(‘3)h,z(‘2)>) + ﬁ( Z<Vl(1)> <hl(_5—_/)> + <V’l(3)l’lll(-2)>) =0. (A11)
3 =2 ;.

=

The large-scale forcing by the small-scale eddies is now represented by terms <u’ f‘”h’ 52)> and <v’ f”h’ 52)> in the

thickness equation (Equation A11). It is interesting that, while Reynolds stresses played a significant role in the
fast-flow model, they are now conspicuously absent from the momentum equations. Importantly, the roughness-
induced forcing at this order is active only in the bottom layer (i = n).
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Following the approach adopted for the fast-flow model, we incorporate the eddy transfer of thickness compo-
nents into the residual-mean velocities (Andrews & Mcintyre, 1976):
<v,§3) h/(2)>
= (,® L
Viesi = <vi > + h(o) . (A12)
The eddy transfer terms are linked to the large-scale flow properties by combining Equation A8 with Equation A9
and applying the Parseval identity (Equation 15):
WO w®) <2)f/ Jiso| "% 4
u = -7y IS
o " HD 0o + 1D okt + 74
(A13)
(O @) (z)ff |igo| i 4
v = Tu K.
o " 9002 + B poict + v,
Finally, we obtain the evolutionary large-scale equations by (i) introducing the following large-scale field
variables:
4 T R 3,
V= e <v,‘~’)> + Vs =8 <h§’>>, pi=> ef< f”>, (A14)
=2 =0 j=1
(ii) combining all (x,y)-averaged balances, and (iii) reverting to the original independent variables (x,y,r). The
resulting system takes the form
oav; v; T
o FESVl@) = =VPi =6, iy + 8y iyt 8, DI
_ ’ ’ (A15)
oh; -
a_[l+ V'(Vl'hl') =0.
The roughness-induced forcing D) in Equation A15 can be expressed as
D(slow) — —G(SIOW)I_’,,, (A16)
where
2 ~ |2
oo 2 [ sk (A17)
h, J h,o? + huxt +y
The forcing term Equation A16 represents the so-called form drag, which is caused by the pressure differences
between the upstream and downstream sides of topographic features:
DI ~ L (vp, ng) = —(5,V Al8
w " m —(Vp, n5) = ——(p, Vns) (A18)
hy hy
This forcing mechanism is dissimilar to the one that controls the evolution of fast flows (Section 3.1)—the latter
also relies on Reynolds stresses associated with roughness-generated eddies. For implementation in compre-
hensive models, it may be prudent to introduce the following correction to the slow-flow model (Equation A17):
h, = h, + ms(rs), (A19)
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